One of the techniques used to support decisions in uncertain environments is the Fuzzy TOPSIS method. However, from crisp data, this method considers only one fuzzy set in their analysis, besides being a strictly mathematical optimization technique. This article proposes extensions to the original Fuzzy TOPSIS, exploring two distinct versions: to increase the method with the necessary resources for the mathematics process to consider the membership values of the input data in more than one fuzzy set and to aggregate to method the empiric knowledge of an expert represented through fuzzy rules. In such case, the method, named by Fuzzy F-TOPSIS (Fuzzy Flexible TOPSIS), is proposed with the objective of improving the Fuzzy TOPSIS ability to deal with uncertainty through the combination of the mathematical process involved in the original Fuzzy TOPSIS with the expert empirical knowledge. A case study is presented to validate the proposal.
Introduction
The use of fuzzy logic and of fuzzy sets theory applied to the decision making process was proposed initially in [1] . Since then, several works have been conducted aiming to support the decision making process. Some Decision Support Systems (DSS) are based on classical techniques for decision making as, for example, Decision Tree [2] , [3] , [4] , e [5] . In multicriteria optimization problems, one of the methods that has shown growth in the field of research is the TOPSIS (Technique for Order Preference by Similarity to Ideal Solution). Initially proposed by Hwang & Yoon [1] to treat problems with numerical values, currently the technique has many applications and contributions to optimization and manipulation of inaccurate data by Fuzzy TOPSIS [2, 3, 4] .
Fuzzy TOPSIS model, proposed in [4] , allows the values and weights of the attributes are defined using fuzzy numbers instead of precise numbers. However, this flexibility is applied only in the definition of values. The process of analysis and recommendation of the best alternative is based on conventional optimization techniques. Other characteristic of the method presented in [4] , is that the linguistic value considered in the process will be only the fuzzy set of greater pertinence for the input numeric value.
Thus, to improve the ability of deal with vagueness in Fuzzy TOPSIS is proposed the Fuzzy F-TOPSIS (Fuzzy Flexible TOPSIS), which has as its main contributions the aggregation of Fuzzy Rule-Based Systems to Fuzzy TOPSIS, and the proposal of a mathematical model to take into account more than a fuzzy set from the input numeric value.
In Section 2, it is presented the basic concepts of fuzzy sets. The Fuzzy TOPSIS is presented in Section 3. The proposed method in this paper, as an extension to the Fuzzy TOPSIS, is described in Section 4. In Section 5, a case study in the CRM (Customer Relationship Management) area has been realized using the methods described and, also in the Section 5, a comparative analysis of the results is performed. Finally, the conclusions are presented in Section 6.
Fuzzy Sets Theory
The fuzzy sets are represented by linguistic terms that builds one or more linguistic variables, ie, the linguistic variables have their possible states defined in a universe of discourse , represented by these linguistic terms.
A fuzzy set , in a universe of discourse , is characterized by a pertinence function , where , indicates the membership degree of in [6] .
The representation of fuzzy sets can be done in many ways as, for example, triangular, trapezoidal or gaussian. The context of situation will determine what is the best among the existing ones. In this paper we use the representation by triangular fuzzy sets.
A triangular fuzzy set has its membership function defined by Equation (1) and can be denoted by .
(1)
Given and ! two triangular fuzzy sets defined as and " " " respectively, the multiplication operation in these sets is as follows:
According to [7] , the distance between two triangular fuzzy sets can be calculated by Equation (3).
Given the fuzzy sets , ! and * , the fuzzy set ! is closer to than * if, and only if, $% ! & + $% * &.
The Fuzzy TOPSIS Method
The multicriteria decision making problem with fuzzy sets was first introduced by Zadeh and Bellman in [8] . The essence of this class of problems is the processing of information in order to consider different attributes with different importance degrees in the process for proposing a solution to the problem analyzed. The weight of these attributes can be defined empirically or using techniques as AHP (Analytic Hierarchy Process) [9] and [10] or the ANP (Analytic Network Process) [11] and [12] .
The Fuzzy TOPSIS method is based on a procedure that, after the initial steps to calculate the decision matrix, the Positive Ideal Solution (PIS) and Negative Ideal Solution (NIS) are defined. The first, PIS, aims to maximize the benefits attributes and minimize the costs attributes. However, the NIS minimizes the benefits attributes and maximizes the costs attributes of a possible solution to the problem. Among the alternatives available, the alternative that is closer to the PIS and farther from the NIS will be defined as the best solution.
In the Fuzzy TOPSIS method a MCDM (Multi-Criteria Decision-Making) problem with , alternatives ---. and / attributes * * * ---* 0 can be expressed in matrix format according to (4) and (5) 
where 5 ;< = > : ,, and ? > : / are numeric data of problem and 8 9 < ? > : / is the importance degree of each attribute * , * , ... , * 0 , respectively.
For the assignment of importance degree to the attributes, it will be used the empirical method adopted and described in [4] , where is showed a scale from 1 (least important) to 5 (most important). From these values, the Table 1 shows the equivalence between the numeric values and the fuzzy sets used in this paper. Based on the decision matrix (4) the data are normalized by Equation (6) for the attributes that should be maximized and by Equation (7) for the attributes that should be minimized.
Calculated @ ;< from normalized matrix, the fuzzification of this value will be made according the membership functions in Table 1 . Defined the fuzzy matrix with the fuzzy sets I 5 ;< and 8 9 ; , we must calculate the weighted matrix using Equation (2), taking into account the importance degree (8 9 ; ) of each attribute and the set fuzzy (I 5 ;< ) with greater membership function that represents @ ;< . Calculated the weighted by Equation (2) 
After to calculate the Euclidian distance from fuzzy sets to the FPIS and FNIS, by Equations (8) and (9), the degree of similarity of each alternative with the FPIS is given by Equation (10).
The ranking of the alternatives will present as the best solution the alternative with the highest value resulting from Equation (10), followed by others in descending order.
to the Fuzzy TOPSIS an attribute * 0J that represents the evaluation of a Fuzzy Rules Based System. The main purpose of this modification is to add the capabilities of fuzzy rules based systems to Fuzzy TOPSIS. Thus, the analysis by Fuzzy F-TOPSIS will allow the empirical knowledge of the expert, represented by fuzzy rules, also be considered in the decision making and optimization process, in addition to definitions of the membership functions of the fuzzy sets.
The use of optimization techniques associated with the empirical knowledge of experts, allows us a hybrid analysis of the multicriteria problems where the process of decision making requires the use of human sensitivity, which often can be expressed by a fuzzy rules base. Thus, the behavior of the system may have greater influence, or not, than the rules defined by the expert. The influence level of these rules will be defined by influence degree that the attribute * 0J will receive in the analysis of the problem.
In order to obtain a better representation in the ranking made by Fuzzy F-TOPSIS, some adjustments in the definition of FPIS and FNIS have been performed. Instead of using the definition described in section 3 of this article, the definition of FPIS and FNIS as described in [1] , presented a classification that had greater acceptance by the experts during the experiments. The definitions of FPIS and FNIS are presented in Equations (11) and (12) . Among all the weighted fuzzy sets calculated by Equation (2), for each of * 0J attributes involved in the problem, the largest coordinated and will be considered in defining of the FPIS. Similarly, however for the lower values of the coordinates and of each attribute, the FNIS will be defined.
Another contribution of this paper is the proposal to consider two fuzzy sets with pertinence for the input value @ ;< . For this, two fuzzy matrices for decision making will be mounted. The first matrix, P , with the fuzzy sets of greater value of membership function for each of @ ;< values and, the second, P , with the fuzzy sets of lower value of membership function.
The calculation of Euclidian distance between the fuzzy sets I 5 ;< of the matrix P and P and the FPIS and FNIS, should take into account the Influence Level QR S 2 TU of @ ;< in each of the fuzzy sets that has pertinence. In the set that has greater pertinence, the calculation of QR S 2 TU will be made by Equation (11) 
Thus, the calculations of distances from I ;< to the FPIS and FNIS, considering the influence level of I ;< in the matrix, are defined as follows:
According to Equations (13) and (14), the similarity degree between the alternatives ; and FPIS take into account the distance of the sets I 5 ;< in P and P for the FPIS and FNIS.
Just as the Fuzzy TOPSIS, the ranking of the alternatives will present as the best solution the alternative with the highest value resulting from Equation (10), followed by others in descending order.
Case Study
To validate the method described here has done a study focusing on CRM (Customer Relationship Management) systems in a transport company. The problem consists in to establish the best customer of the company taking into account the attributes Revenue * , Percentage of bills late more than 30 days * , Regularity of payment bills * , Total weight carried * X , Amount of invoice by customer * Y and Amount of transport invoice * Z . Except the attributes * and * , all others values take into account the movement in a period of 30 days. The variables * , * and * Y are called positive, ie, must be maximized. The Variables * , * X and * Z represent cost and should be minimized. Customers are represented by 0 . The decision matrix for this problem is presented in Table 2 . We used three different methods to solve the problem presented. The first was using Fuzzy Rules Based Systems. In the second method was applied the concepts of Fuzzy TOPSIS and, finally, in the third method, the Fuzzy F-TOPSIS. The results obtained by these methods are presented in sequence.
Fuzzy Rule Based System
The Fuzzy Rules Based Systems have four main modules: a fuzzy rules base, a fuzzy inference engine, and fuzzification/defuzzification modules [14] .
The existing rules in the rules base can be defined empirically or by a tool for automatic generation of rules from existing data. In this paper, the rules base was defined empirically by an expert.
The data to be analyzed by Fuzzy Rules Based System, presented in Table 2 , were normalized by Equation (6) . Specifically for Fuzzy Rules Based Systems, the Equation (7) can not be used to normalize the attributes * , * X and * Z representing cost and should be minimized. This occours because, in the Fuzzy TOPSIS, the best input values (highest value for positive attributes and less value for negative attributes) have the input value 1 which, in domain [0,1] in Fuzzy Rules Based Systems, represents the worst possible value as shown in Table 1 .
The existing rules and the fuzzy sets defined for the variables, were defined by the expert. Due to the large number of possible rules, the rules base was defined based on the sample of data analyzed. Thus, for the problem presented in Table 2 , 171 rules were defined empirically by the expert. The method of inference used was Mamdani [15] with the defuzzification by the Center of Area. Within this context, the membership function of the customer (consequent of the rule) used by the expert is equivalent to that shown in Table 1 . At the end of the process of defuzzification, the customer with the final result closer to 1 will be classified as the best among those examined.
According to the rules base, the Fuzzy Rules Based System classified the customers as follows: a a Z a ^a ] a a X a `a Y a _ . Thus, according to the rules base and the definitions of fuzzy variables made by the expert, the best customer is the Customer 2 and the worst customer is the Customer 9. The results of inference for all cases can be found in Table 4 .
Fuzzy TOPSIS
To work with the data in the Fuzzy TOPSIS, we must normalize them through Equations (6) and (7) as described in section 3. In the case study using the Fuzzy TOPSIS, greater importance was assigned to the variable Revenue (* ), weight 2 (Low). To the other variables involved in the problem was assigned weight 1 (Very Low). The process of fuzzification of the data is performed based on the membership function shown in Equation (1) associated with the data of Table 1 . The weight of the attributes uses the equivalence presented in the same table.
The weighted matrix that takes into account the fuzzy sets of attributes with their respective weights is defined by Equation (2) . From the data of fuzzy weighted matrix, the distance of each customer 0 to FPIS and FNIS can be calculated by Equations (8) and (9), respectively. The degree of similarity with the FPIS to each customer 0 is defined by Equation (10).
According to the preferences given, the Fuzzy TOPSIS classified the customers as follows: a a a Z a ] a ^a Y a X a `a _ . Thus, the best customer is the Customer 2 and the worst customer is the Customer 9. The Table 4 presents the results obtained by the Fuzzy TOPSIS for all customers.
Fuzzy F-TOPSIS
To solve the proposed problem using the Fuzzy F-TOPSIS two fuzzy decision matrices were generated, in addition to add the attribute * 0J with the results of inference based on the rules defined by the expert. Thus, we improve the ability of treatment of vagueness in the Fuzzy TOPSIS through the combination of the mathematical process presented in the original method, with the empirical knowledge of an expert in decision making process. The new decision matrix is presented in Table 3 . The attribute * ] should be maximized, therefore, should be normalized by Equation (6) . From the normalized values will be generated two matrices. The first matrix P will be generated by same process of Fuzzy TOPSIS, however, the matrix P will be assembled by fuzzy sets with the lowest membership function for @ ;< .
According to Table 1 , to allow the attribute * 0J has a greater importance degree in relation to others, by simply assign greater weight to him than to other attributes. The reverse is also true. Thus, in order to give greater importance to attribute * ] , its importance degree will be 5 (Very High). Other attributes remain with the weights assigned in section 5.2.
Like the Fuzzy TOPSIS, presented in section 3, we also performed the calculation of the weighted matrix P and P by Equation (2) . Calculated weighted matrix P and P , the definition of FPIS and FNIS will be made as presented in Equations (11) and (12), respectively. According to the expert involved in the project, the results obtained by this process were more satisfactory than others, because the empiric knowledge has been considered in the analysis.
Defined FPIS and FNIS as mentioned in section 4, the calculation to determine the distance from the customer 0 to FPIS and FNIS is done by Equations (13) and (14), respectively. The set I 5 ;< , in the matrix P , has its influence level QR V 5 TU defined by Equation (11) and the set I 5> ;< , in the matrix P , has its influence level (QR V 5 TU ) defined by Equation (12) .
After the execution of described steps, taking into account the attribute * ] and the two fuzzy sets with greater relevance for each @ ;< , the Fuzzy F-TOPSIS classified the customers as follows: a a Z a Y a a `a ] a X a ^a _ . Thus, according to the Fuzzy F-TOPSIS method and the features listed, the best customer is the Customer 2 and the worst customer is the Customer 9. The complete classification is presented in Table 4 .
Analysis of Results
After three different analysis of the data presented in Table 2 , the results are compared in Table 4 that presents the customers and scores for each method. The three methods classified the Customer 2 as first and the Customer 1 as second in the ranking. The difference begins from the third position in the ranking. In case of Customer 6, their best result in the Fuzzy F-TOPSIS when compared with the classical Fuzzy TOPSIS, was due to the influence of the results of Fuzzy Rules Based System. However, the same does not happen with other customers as, for example, the Customer 8. This happened because, in addition to considering the two fuzzy sets of greater pertinence in the process of Fuzzy F-TOPSIS, there is also the question of definition of FPIS and FNIS. If defined as presented in section 3, the FPIS and FNIS would not represent faithfully the best and the worst solution to the problem within the real context. Thus, when we use the values of the fuzzy sets corresponding to the input data, the definition of FPIs and FNIS are more appropriate to the context in which the problem is embedded. In general, this allowed a better analysis of results by experts.
Conclusions
The processes of decision making can take benefit from combination of theoretical and empirical knowledge of methods for the treatment of imprecision, not only in the data representation, but also in the moment of decision making. In this article, it was proposed Fuzzy F-TOPSIS method in order to explore the possibilities of flexibility of Fuzzy TOPSIS method, with the aim of attend this need by, merging the optimization technique already known in the literature with Fuzzy Rules Based System. Thus, the results presented in this article, beyond attend the initial expectations, they also make clear the viability of using the method in many areas of decision support that brings, among other advantages, the possibility of incorporate to decision making process the knowledge of experts, which can be expressed more appropriately in the form of rules. Among the future work, we would like to perform experiments to adapt the method Fuzzy F-TOPS to the process of group decision making as well as investigating techniques for automatic generation SBRF from data sets. The experiments to adapt the Fuzzy F-TOPSIS method to the group decision making as well as investigating techniques for automatic generation of rule base, are among the future work planned.
